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Cunningham and Edmonds [4] have proved that a 2-connected graph G has a unique minimal 
decomposition into graphs, each of which is either 3-connected, a bond or a polygon. They define 
the notion of a good split, and first prove that G has a unique minimal decomposition into graphs, 
none of which has a good split, and second prove that the graphs that do not have a good split 
are precisely 3-connected graphs, bonds and polygons. This paper provides an analogue of the 
first result above for 3-connected graphs, and an analogue of the second for minimally 3-connected 
graphs. Following the basic strategy of Cunningham and Edmonds, an appropriate notion of good 
split is defined. The first main result is that if G is a 3-connected graph, then G has a unique 
minimal decomposition into graphs, none of which has a good split. The second main result is 
that the minimally 3-connected graphs that do not have a good split are precisely cyclically 4- 
connected graphs, twirls (K3, n for some n > 3) and wheels. From this it is shown that if G is a 
minimally 3-connected graph, then G has a unique minimal decomposition into graphs, each of 
which is either cyclically 4-connected, a twirl or a wheel. 

1. I n t r o d u c t i o n  

This  p a p e r  descr ibes  a decompos i t ion  for 3-connected  graphs .  The  decompo-  
s i t ion is based  on the  3-separa t ions  of a graph.  The  decompos i t ion  satisfies several  
p roper t ies ,  foremost  of which is uniqueness.  In  the  case t ha t  the  g raph  is min ima l ly  
3-connected,  t hen  add i t i ona l  p roper t i e s  are satisfied. 

Unique g raph  decompos i t ions  based  on k - separa t ions  for k = 1 and  2 have 
been s tud ied  previously.  W h i t n e y  [9] is pe rhaps  to first to descr ibe  a unique g raph  
decompos i t ion  t h a t  uses the  no t ion  of a k -separa t ion .  His decompos i t ion  is based  
on the 1-separa t ions  of a connec ted  graph.  Decompos i t ion  uniqueness  resul ts  for 
2-connected  graphs  based  on 2-separa t ions  have been deve loped  by MacLane  [10], 
Tu t t e  [18, C h a p t e r  11], Hopcrof t  and  Tar j an  [8] and  C u n n i n g h a m  and  E d m o n d s  [4]. 
Thus,  the  present  work can be seen as a n a t u r a l  next  s tep.  (Rober t son  and Shih 
also have a unique decompos i t ion  for 3-connected  graphs;  this  work is unpubl i shed .  
The i r  decompos i t ion  is different from the  one presen ted  here in t ha t  the  pieces of 
the  decompos i t ion  are al lowed to be s t ruc tu res  t ha t  are more  general  t han  graphs . )  

Of the  works ment ioned  above,  the  one by C u n n i n g h a m  and E d m o n d s  [4] was 
pa r t i cu l a r ly  inf luent ial  in the  deve lopment  of this  paper .  The i r  p a p e r  conta ins  a 
genera l  decompos i t ion  theory.  The  decompos i t ion  of 3-connected  g raphs  p resen ted  
here does not  fit into the i r  theory,  bu t  many  of the  def ini t ions and  concepts  intro-  
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duced below are essentially those of Cunningham and Edmonds. The statements of 
Theorems 1.1-1.3 below are modeled closely after their work. In particular, Cun- 
ningham and Edmonds defined the notion of a good split (which is a special type 
of 2-separation) and first proved every 2-connected graph can be decomposed in a 
unique way into graphs none of which have a good split (cf. Theorem 1.2). Second, 
they characterized the graphs that  do not have a good split as 3-connected graphs, 
bonds and polygons (cf. Theorem 1.3). Thus, they proved that  a 2-connected graph 
can be decomposed in a unique way into graphs, each of which is either 3-connected, 
a bond or a polygon (cf. Theorem 1.1). 

The definitions needed to give precise statements of these theorems are now 
supplied. Where G is a connected graph and F is a nonempty subset of E(G), 
G[F] denotes the subgraph of G having edge set F and having no isolated vertices, 
and A(G,F) denotes the set V(G[F])nV(G[E(G)- F]). For a positive integer k, 
a k-separation of G is defined to be a partition {El,E2} of E(G) such that  IEll > 
k<  IE2] and IA(G,E1)I <_k. For a positive integer n, the graph G is n-connected if 
G has no k-separation for any k < n. A fundamental property, known as Menger's 
Theorem [13], of n-connected graphs having at least n +  1 vertices is that every 
pair of vertices are joined by at least n internally disjoint paths. The graph G is 
minimally n-connected if it is n-connected and for every e C E(G), the graph G\e 
has an (n-1)-separation.  

Let G be a 3-connected graph. Suppose {El,E2} is a 3-separation of G with 
A(G, E1) = {x,y,z}. From each of G[Ei], i �9 {1,2}, a graph G~ is constructed as 
follows. First, let {e,f,g,t} be a set disjoint from E(G)UV(G). Add e, f ,  g and t to 
each of G[Ei] so that t is a vertex that  is adjacent precisely to x, y and z via edges 
e, f and g, respectively. Now contract those edges of {e, f ,g} that  are incident to a 
vertex of degree two, with the new vertex of the resulting graph that  is adjacent to 
x, y and z taking the name t. Finally, in the case that  any of {e, f ,  g} are contracted, 
a renaming procedure is carried out. In particular, suppose e (say) is contracted 
in the graph obtained from G[E1]. Let p be the unique edge of E1 adjacent to e 
before it is contracted. Then in the graph obtained from G[E2], rename the edge e 
to p. (Note, by 3-connectivity, the edge e is not contracted in the graph obtained 
from G[E2].) The resulting set {G1,G2} is called the simple decomposition of G 
associated with the 3-separation {El,  E2}, the set of edges E(G1)n{e,  f ,  g} and the 
vertex t. The set of edges E(G1)A {e,f,g} and the vertex t are the marker edges 
and marker vertex of the simple decomposition, respectively. An example is given 
in Figure 1; marker edges are dashed and marker vertices are darkened. 

The following definitions are essentially taken from Cunningham and Edmonds 
[4]. A decomposition D of a 3-connected graph G is defined inductively to be either 
{G} or a set obtained from a decomposition D ~ of G by replacing a member H 
of D I by the members of a simple decomposition of H. In the latter case, D is a 
simple refinement of D I. More generally, a decomposition Dt is a refinement of a 
decomposition D1 if there exists a sequence DI,..., Dt of decompositions such that  
for 1 <: i < t -  1, Di+l is a simple refinement of Di. Note that a decomposition 
is a refinement of itself. If t > 1, then Dt is a proper refinement of D 1. Two 
decompositions D and D ~ of G are equivalent if D ~ can be obtained from D by 
replacing some of the marker edges and vertices of the members of D by marker 
edges and vertices of the members of D ~. A decomposition D of G is unique with 
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respect to some property P if D satisfies P and any other decomposition of G that 
satisfies P is equivalent to D. A decomposition D is minimal with respect to some 
property P if D satisfies P but no decomposition hav!tng D as a proper refinement 
satisfies P. 

For the most part, this paper is interested in unique decompositions, and 
therefore the choice of names for the marker edges and vertices will not be stressed. 
That  is, a phrase such as the simple decomposition of G associated with the 3- 
separation {El ,E2} will be used without reference to a particular set of marker 
edges or marker vertex. 

A motivating question is: Does every 3-connected graph have a unique minimal 
decomposition each member of which is 4-connected? The answer is no, even for 
minimally 3-connected graphs; there exist many counterexamples. Of particular 
interest are the families of counterexamples given by twirls and wheels. A twirl is a 
complete bipartite graph having exactly three vertices in one member of its vertex 
partit ion and at least three in the other. A wheel is a graph obtained from a cycle 
with n > 3 edges by adding a few vertex and n new edges such that the new vertex 
is adjacent precisely to each vertex of the cycle. 

Twirls and wheels are troublesome with respect to decompositions. First, note 
that  if {El ,E2} is a 3-separation of a twirl or wheel such that  E1 is a triad (the 
set of edges incident to a degree-three vertex), then G2 of the associated simple 
decomposition is isomorphic to G. It follows that no decomposition of a twirl or 
wheel has every member 4-connected. One strategy to overcome the above difficulty 
with triads is to ignore those 3-separations that arise from them. This leads to the 
following definition. A 3-separation {El ,E2} of a 3-connected graph is a cyclic 
3-separation if neither E1 nor E2 is a triad. A 3-connected graph is cyclically 4- 
connected if it has no cyclic 3-separation. 

Even when restricted to cyclic 3-separations, twirls and wheels can have 
nonunique decompositions. This can be seen as follows. Consider the graph G :-- 
K3,4, and let {T1,. . . ,T4} be the four triads of G. Then {T1UT2,T3UT4} and 
{T1 U T3,T2 U T4} are cyclic 3-separations of G. Observe that  each of these 3- 
separations leads to a simple decomposition that consists of two copies of K3, 3. 
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However, these simple decompositions are not equivalent. Also observe that  the 
graph K3, 3 is cyclically 4-connected. Thus, G does not have a unique minimal 
decomposition every member of which is cyclically 4-connected. A similar phe- 
nomenon occurs with wheels; the wheel on five vertices can be decomposed into 
two copies of the wheel on four vertices in two non-equivalent ways. Twirls and 
wheels play a critical role in the decomposition of minimally 3-connected graphs. 
(The reader familiar with the work of Cunningham and Edmonds [4] will note an 
analogy between twirls and wheels in the decomposition of 3-connected graphs and 
bonds and polygons in the decomposition of 2-connected graphs. The behavior of 
twirls is similar to that  of bonds, and the behavior of wheels is similar to that  of 
polygons.) 

The first main result of this paper is the following. 

Theorem 1.1. Every minimally 3-connected graph has a unique minimal decompo- 
sition with the property that every member is either cyclically 4-connected, a twirl 
or a wheel. 

The proof of Theorem 1.1 is in two main parts. To describe these parts some 
definitions are needed. Let {El, E2 } be a cyclic 3-separation of a 3-connected graph 
G. Let A3 be the set of edges that are incident, in G[E1] or G[E2], to a degree- 
one vertex of either G[E1] or G[E2], and let Ai = Ei - A 3  for i �9 {1,2}. Observe 
that  if (C1,C2} is a partition of A3, then (AIUC1,A2uC2} is a 3-separation of G. 
Moreover, any two such 3-separations give rise to the same simple decomposition 
of G. These observations motivate the following definition; the ordered triple A = 
{A1,A2; A3} is a split of G. The vertices in the set V(G[A1])NV(G[A2]) together 
with the edges of A3 are called the connections of A (or the A-connections). The 
set of A-connections is denoted by C(A). 

Note that  different 3-separations can give rise to the same split. However, any 
two such 3-separations also give rise to the  same simple decomposition. Thus, a 
split uniquely defines the simple decomposition, and therefore the phrase the simple 
decomposition associated with the split is well defined, and will be used hereafter. 

Observe that  the split A-~ {A1,A2;A3} is uniquely determined by A1. Pre- 
cisely, a set A1 C E(G) induces a split of G if and only if G[A1] has no degree-one 
vertices and {A1, E(G) - A1} is a cyclic 3-separation of G. Splits A = {A1, A2;A3} 
and B=(B1,B2;B3} are distinct if A1 CB1 and AzCB2. 

The following observations can be made about a split A = {A1,A2;A3} of a 
3-connected graph G. First, A has exactly three connections. Second, each A- 
connection that  is an edge has one end in V(G[A1])- V(G[A2]) and the other in 
V(G[A2])- V(G[A1]). Finally, no two edges that are A-connections are adjacent. 
Using the first observation, the split A is said to be type i for i �9 {0,1,2, 3}, if exactly 
i of the A-connections are edges. The four types of splits are depicted in Figure 2. 

Two splits A = (A1, A2; A3} and B--{B1,  B2; B3} are said to cross if A i - B j  
and B j - A i  are nonempty for all i, j E (1,2}. Two distinct splits that  do not cross 
are compatible. A good split is one that  is not crossed by any other split. (Observe 
that  the splits of K3,4 discussed earlier cross.) 

In Section 3, the following result, which is the second main result, is proved. 
Note it applies to all 3-connected graphs, not just those that are minimally 3- 
connected. 
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Fig. 2 

Theorem 1.2. Every 3-connected graph has a unique minimal decomposition with 
the property that no member has a good split. 

In Section 4, the third, and last, main result is proved. 

Theorem 1.3. A minimally 3-connected graph does not have a good split if and 
only if it is either cyclically 4-connected, a twirl or a wheel. 

The combination of Theorems 1.2 and 1.3 together with the fact (Lemma 2.5) 
that the members of a simple decomposition of a minimally 3-connected graph 
are minimally 3-connected evidently yields Theorem 1.1. A natural problem is to 
characterize those 3-connected graphs that do not have a good split. This problem 
seems difficult and is not solved here; the techniques developed in Section 4 do 
not lend themselves to its solution. However, the following is known. The class 
of 3-connected graphs that do not have a good split properly contains the class of 
minimally 3-connected graphs that do not have a good split. To see this, observe 
that a graph obtained from a wheel by joining a pair of non-adjacent degree-three 
vertices is a 3-connected graph that does not have a good split. Such a graph is 
neither cyclically 4-connected, a wheel or a twirl. 

There are two keys to the proof of Theorem 1.2. Consider a pair of compatible 
splits. The first key is in showing that compatible splits are "hereditary". That 
is, the first split has a "descendant" in one of the graphs that is a member of the 
simple decomposition that results from the second split. This is done in Lemma 
3.3. The second key is in showing that compatible splits "commute". That is, 
the decomposition obtained from the first split and the descendant of the second is 
equivalent to the one obtained from the second split and the descendant of the first. 
This is done in Lemma 3.7. The basic idea of the hereditary and commutativity 
properties are taken from Cunningham end Edmonds [4], but the proofs of Lemmas 
3.3 and 3.7 are considerably more complicated than the analogous results for 2- 
connected graphs. 

Theorem 1.3 is a structural result for minimally 3-connected graphs. Other 
such results for minimally 3-connected graphs are found in the work of Halin [6,7], 
Mader [11,12] and Dawes [5]. Minimally 3-connected graphs include Halin graphs 
and 3-connected cubic graphs. Some extensions to 4-connectivity can be found in 
Robertson [15]. 
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The notion of the simple decomposition of a 3-connected graph that is intro- 
duced here is not new. For example, it can be seen in the work of Cornu~jols, 
Naddef and Pulleyblank [3] on Halin graphs, and is related to the matroid work of 
Rajan [14], Seymour [16] and Truemper [17]. However, the fact that it leads to a 
unique decomposition is new. 

The organization of the paper is as follows. The next section establishes some 
basic properties of simple decompositions and of splits. Section 3 contains the proof 
of Theorem 1.2. Section 4 contains the proof of Theorem 1.3. Section 5 discusses 
an algorithm for computing the decomposition specified in Theorem 1.1. Section 6 
closes the paper with a discussion of some related topics. 

Undefined notation and terminology is for the most part consistent with Bondy 
and Murty [2]. The symbol C_ denotes containment, whereas C denotes proper 
containment. 

2. Proper t i es  of Simple Decomposi t ions  and  Splits 

The results of this section establish basic properties of the members of simple 
decompositions and of splits. 

Lemma 2.1. Let G be a 3-connected graph having a split {A1, A2; A3}. Then G[A1] 
is 2-connected. 

Proof. Suppose G[A1] has a 1-separation {El,E2}. Observe that G[A1] has 
no vertices of degree one, since the definition of the split implies that any such 
vertex would have degree at most two in G. It follows that IEi[ > 2 for i C 
{1,2}. If A(G,A1)N V(G[E1]) contains at most one vertex, then IA(G,E1)I < 2, 
implying that G has a 2-separation. Thus, [A(G,A1)NV(G[E1])I >_~2. Similarly 
[A(G, A1) n V(G[E2])[ _ 2, implying [A(G, E1)[ = 2, a contradict'.mn. | 

Let A---{A1,A2; A3} be a split and let {G1,G2} be the simple decomposition 
associated with A. Where t is the marker vertex of G1, observe G[A1] = G1 \ t. 

Lemma 2.2. Let G be a 3-connected graph. Then the members of the simple 
decomposition associated with a split of G are 3-connected. 

Proof. Let {G1,G2} be the simple decomposition associated with a split 
{A1,A2;A3} of G, and let t be the marker vertex of G1. 

Suppose that G1 has a 2-separation {El,E2}. If t cA(G1,E1), then G \ t  has 
a 1-separation, contradicting Lemma 2.1. Thus, t ~ A(G1,E1). Without loss df 
generality, assume that t E V(GI[E2]). Then E1 C A1 implying that A(G,E1) = 2. 
That is, {El, E(G) -  E1 } is a 2-separation of G, a contradiction. 

Finally, suppose that G1 has a 1-separation that is not a 2-separation. In this 
case G1 must have either a loop or a vertex of degree one; each of these possibilities 
is easily shown to be impossible. | 

The rest of this section deals with properties of splits of minimally 3-connected 
graphs. These properties are needed in Section 4. 

A triangle is the edge set of a cycle having exactly three edges. The following 
result follows easily from Tutte [18,10.54]. 
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Lemma 2.3. Let G be a minimally 3-connected graph with at least four vertices. 
Then every triangle of G has nonempty intersection with two distinct triads of G.| 

Lemma 2.4. Let G be a minimally 3-connected graph having a split A = 
{A1, A2;A3}. Then no edge of G joins two vertices that are A-connections. 

Proof. Let e be an edge of (7 that joins two vertices that are A-connections, say p 
and q. Since G is minimally 3-connected, G\e has a 2-separation {El,  E2}. Without 
loss of generality, p is incident only to members of El .  Since p is incident to edges 
from both A1 and A2, it follows that E1 NAi is nonempty for iE  {1,2}. Likewise, 
E2 nAi is nonempty for i E {1,2}. Thus, V(G[A1]) and V(G[A2]) each contain at 
least one member from A(G\e,  E1), implying {A1 AE1,A1 NE2} is a 1-separation 
of G[A1] \ e. Therefore, by Lemma 2.1, e E A1, Now if V(G[A2]) contains just 
one member of A(G \ e ,El ) ,  then G[A2] has a 1-separation, contradicting Lemma 
2.1. Thus, V(G[A2]) contains two members of A(G\ e, E1) implying that one of 
these members is the unique vertex r (say) in A(G, A1) -  {p,q}. It now follows 
that A(G,A1NE1) is the set consisting of p (say) and r, and A(G, A1AE2) is the 
set consisting of q and r. Since (7 is 3-connected, it must be that A1 F3 E1 and 
A1NE2 each consist of a single edge, say f and g, respectively. Now A1 = {e,f,g} 
is a triangle of G. By Lemma 2.3, A1 has nonempty intersection with two distinct 
triads of G, implying that G \ A1 has two degree-one vertices. But then at most 
one A-connection can be a vertex, a contradiction. 1 

Lemma 2.5. Let G be a minimally 3-connected graph. Then the members of the 
simple decomposition associated with a split of G are minimally 3-connected. 

Proof. Let {G1,G2} be the simple decomposition associated with a split 
{A1,A2;A3} of G, and let t be the marker vertex of G1. By Lemma 2.2, the 
graph G1 is 3-connected. Thus, it suffices to show that G1 \ e has a 2-separation 
for each eEE(G1). Let e=uvCE(G1). 

If e is incident to t, then G1 \ e  is easily seen to have a 2-separation as follows. 
Let E1 be the set consisting of the two edges, other than e, incident to t and let 
E2=E(G1)-E1.  Then {El ,E2} is a 2-separation of G1. 

Now suppose that e is not incident to t. Then e E E ( G ) ,  and so G \ e  has a 
2-separation {F1,F2}. Note that a collection of internally disjoint (u,v)-paths in 
G contains at most three paths. Moreover, given a collection of three such paths, 
one path consists just of the edge e, and the remaining two paths must each use 
exactly one of the vertices in A(G\e, F1). 

Suppose A(G\e,F1)NV(G[A1])=O. Then each (u,v)-path in G\e contains a 
vertex of V(G[A2])-V(G[A1]). Therefore. there cannot exist two internally disjoint 
(u,v)-paths in G[A1], contradicting Lemma 2.1. 

Suppose A(G \ e, 1:1) V) V(G[A1]) contains exactly one vertex. Then there does 
not exist two internally disjoint (u, v)-paths in G[A1]\e, implying that any collection 
of internally disjoint (u,v)-paths of G1 \ e contains at most two paths. It follows 
that G1 \ e has a 2-separation. 

Finally, suppose A(G\e,F1) C_ V(G[A1]). Suppose that neither F1 nor F2 is 
contained in A1. Then by Lemma 2.4, there exist distinct vertices pC V(G[F1])- 
V(G[A1]) and q e V(G[F2]) - V(G[A1]), Since each (p,q)-path in G must contain 
either the edge e or a vertex in A(G\e, F1), the existence of three internally disjoint 
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(p,q)-paths in G is impossible, a contradiction. Therefore/:1 (say) is contained in 
A1. It follows that  {F1,E(G1 \ e) - F 1 } is a 2-separation of G1 \ e. | 

Lemma 2.{}. Let A = {A1,A2;A3} be a split of a minimally 3-connected graph. 
Then [V(G[A1]) - V(G[A2])[ >_ 2. 

Proof. The result is true if A is type 2 or 3 because each edge that is an A-connection 
has an end in the set V(G[A1])-V(G[A2]). 

If A is type 0 or 1, the there exists a vertex v in V(G[A1])AV(G[A2]). By the 
definition of a split, v has degree at least two in G[A1], implying, by Lemma 2.4, 
that  v is adjacent to at least two vertices of V(G[A1]) - V(G[A2]). | 

3. U n i q u e n e s s  of  t h e  D e c o m p o s i t i o n .  

The main result of this section is that  every 3-connected graph has a unique 
minimal decomposition no member of which has a good split. 

The next lemma shows a certain symmetry holds between a pair of compatible 
splits. 

Lemma 3.1. Let A -- { A1, A2; A3 } and B = { B1, B2; B3 } be splits of a 3-connected 
graph G with B1 C A1. Then A2 C B2. 

Proof. Since B1 C A1, it follows that  A2UA3 C B2UB3. If A2 is not a proper subset 
of B2, then, since A and B are distinct, A2NB3 is nonempty. However, each edge 
of B3 is incident to a degree-one vertex of G\B1 .  Since B1 C A1, it follows that  
some edge of G[A2] is incident to a degree-one vertex, contradicting Lemma 2.1. | 

Lemma 3.2. Let A = {A1,A2;A3} and B = {B1,B2;B3} be crossing splits of a 
3-connected graph G. Then A1 n B1 is nonempty. 

Proof. Suppose that  AINB1 is empty. Then A1 C B2UB3 and B1 C_A2UA3. Since 
A and B cross, it follows that  A1 n B 3 is nonempty. Thus, there exists an edge of 
AINB3 that  is incident to a degree-one vertex of G\B1,  which implies that  G[A1] 
has a degree-one vertex, contradicting Lemma 2.1. | 

The following lemma establishes a hereditary property for compatible splits. 

Lemma 3.]. Let A={A1,A2;A3} be a split e r a  3-connected graph G, and let B1 C 
A1. Let {G1,G2} be the simple decomposition associated with A. Then B1 induces 
a split of G if and only if it induces a split of G1. Moreover, if B 1 induces a good 
split of G, then it induces a good split of G1, and if A is a good split of G and ]31 
induces a good split of G1, then B1 induces a good split of G. 

Proof. From the definition of the simple decomposition it follows that A(G, B1)= 
A(GI,BI) .  

Now suppose that B1 induces a split of G. By the definition of a simple 
decomposition, [E(G1) - All -- 3. Since B1 C A1, it follows that [E(G1) - BI[ _> 4, 
and thus E(G1) - B1 is not triad of G1. Since B1 induces a split of G, it follows 
that  [BI[ _7 3 and that B1 is not a triad of G1. Therefore { B 1 , E ( G 1 ) - B 1 }  is a 
cyclic 3-separation of G1, implying that  B1 induces a split of G1. 
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Now suppose that B1 induces a split of G1. Then [BI[ >3 and B1 is not a triad 
of G. Since B1 C A1, it follows that A2 U A3 C E(G) - B1. Therefore [E(G) - B][ -> 
4, and hence E(G)-B1 is not triad. Thus, {B1, E(G)-B1 } is a cyclic 3-separation 
of G, implying that B1 induces a split of G. 

Let B {B1,B2;B3} and B' {B~ t. i = ---- ,B2,B3} be the splits of G and G1, 
respectively, induced by B1, with B1 = B~. 

Now suppose that B is a good split of G but that B ~ is crossed by another split 
X={X1,X2;X3}. The first step is to show that either X1 or X2 is contained in A1. 
Let {e,f,g} be the set of edges incident to the marker vertex of G1. Then {e,f,g} = 
E(Gt)-At .  If neither X1 nor X2 is contained in A1, then both X1Vl{e,f,g} and 
X2 N {e, f, g} are nonempty. Moreover, from the definition of a split, it follows that 
X1 (say) contains exactly two edges from {e,f,g}, say e and f.  But then g is 
incident to a degree-one vertex in G1 \X1,  implying that g C X3, a contradiction. 
Thus, assume that X1 c A1. Now by the above, X1 induces a split Y = {Y1, Y2; Y3} 
of G with Y1 = X1. 

Since B and Y are compatible splits of G, Lemma 3.1 implies either B1 C Y1, 
II1 C Bi, B1 C Y2, or Y2 C B1. Since B / and X are crossing splits of G1 and B1 = 
B~ and Y1 = X1, it follows that B 1 -  Y1 and Y1- B1 are nonempty. Thus, either 
B1cY2 or Y2CB1. 

if B1 cY2, then B~ cY2, which implies B~nY1 is empty. Therefore, B~NX1 is 
empty, contradicting Lemma 3.2. If Y2 C B1, then Y2 C A1, since B1 C A1. Lemma 
3.1 applied to A and Y implies that A2 cY1, and thus A2cX1. But X1 cA1 leads 
to the contradiction that A2 C A1. 

Finally suppose that B t is a good split of G1, but that B is not a good split 
of G. Also suppose that A is a good split of G. Let Y =  {Y1,Y2; II3} be a split of G 
that crosses B. Since A is a good split of G, by Lemma 3.1 and by interchanging 
Y1 and Y2, if necessary, it can be assumed that either Y1 C A1 or Y1 C A2. In the 
latter case, B1NY1 is empty, contradicting Lemma 3.2. Thus, Y1 C A1. Therefore, 
by the above, ]71 induces a split X={X1,X2;X3} of G1, with XI-~Yt. 

Since B' is a good split, either B~ C X1,B~ C X2, B~ C X2, or B~ C X1. The 
first case can be ruled out since B~ = B1, X1 = ]I1 and the fact that B and Y 
are crossing splits of G. The second case is similarly ruled out by first applying 
Lemma 3.1. If B~ C X2, then B1 c X2, which implies B 1 N X1 is empty. Therefore 
B1 NYI is empty, contradicting Lemma 3.2. If B~ C X1, then B~ C A1, since X1 = 
Y1 C A1. But B~ contains the set of edges incident to the marker vertex of G1. A 
contradiction is obtained since these edges are not in A1. | 

Let A =  {A1,A2;A3} and B= {B1, B2; B3} be splits of a 3-conhected graph G 
such that B1 C A1. Where {G1,G2} is the simple decomposition of G associated 
with A, the split of G1 induced by B1 is called the descendant of B in {G1,G2}. 
More generally and inductively, let D be a decomposition of G and B I _- {Bl,i B2 ,t. B~ } 
be the descendant of B in D. Then for any simple refinement D ~ of D having a 
member H such that B~ (say) is contained in E(H), the split of H induced by B~ 
is the descendant of B in D ~. 

A split is said to generate its associated simple decomposition. More generally 
and inductively, if D is a decomposition generated by a sequence A1,. . . ,A t-1 of 
pairwise-compatible splits of G, and A t is a split of G that is compatible with each 
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Ai,1 < i < t - 1 ,  then the decomposition D ~ generated by the sequence A1,... ,A t is 
the decomposition obtained from D by replacing the (unique) member  of D that  
has the descendant of A t as a split by the members of the simple decomposition 
associated with this split. 

It  might seem plausible that  some reordering of the sequence A1 , . . . ,A  t can 
generate a decomposition different from D. Most of the remainder of this section 
is devoted to showing that  this is not the case. Tha t  is, any ordering of a set of 
pairwise-compatible splits of G generates the same decomposition. The key fact is 
that  any pair of compatible splits commute. 

Lemrna 3.4. Let A= {A1,A2;A3} be a split of a 3-connected graph G, and let B1 C 
A1 induce a split B of G. Let {G1,G2} be the simple decomposition associated 
with A, and let B' be the split of G1 induced by B1. Then either C(B') = C ( B )  or 
C ( B ' ) = ( C ( B ) - { v }  )U{e}, where v is a vertex connection of A and e is the marker 
edge of G1 incident to v. 

Proof. Consider an edge e that  is a B-connection. Then there exists a vertex v 
that  is an end of e and has degree one in G \ B1. Suppose that  e E A1. Then e �9 
E(G1). If e is not a B'-connection, then v is not a degree-one vertex of G1 \ B 1 ,  
which implies that  v �9 A(G, A1). But then v is incident in G to at least one edge 
not in A1, and thus v does not have degree one in G\B1,  a contradiction. Thus, if 
e �9 A1, then e is a B'-connection. Now suppose that  e ~t A1. Then v has degree one 
in G\A1,  and so e is an A-connection. Thus, eEE(G1). Moreover, v is incident to 
exactly the same edges in G as in G1, and so e is a B'-connection. 

Now consider a vertex v that  is a B-connection. Suppose that  v is not a B ' -  
connection. Since A(G, B1)=A(G1,B1), it must be that  v is the end of an edge e 
that  is a B'-connection. Since e �9 E(G1), either e �9 (A1 LJA3)-  B1 or e is a marker 
edge of G1. Since v is a B-connection, it is incident to at least two edges not in 
B1. Since in (71, the vertex v is incident to only one edge not in B1, namely e, it 
must be that  v �9 A(G, A1). If e �9 A 1 - B 1 ,  then, in G1, the vertex v is incident to at 
least two edges not in B1, namely e and the edge joining v to the marker vertex of 
G1, a contradiction. If e �9 A 3 - B1, then v has degree one in G \ B1, contradicting 
the fact that  v is a B-connection. Thus, e is a marker edge. 

The final part  is to show that  there is at most one vertex that  is a B-connection, 
but not a B'-connection. Suppose that  there exist two such vertices, say u and v. 
Then by the above paragraph,  there exist two marker edges of G1, (the two such 
edge s incident to u and v) that  are B'-connections. This is a contradiction since 
no two edges that  are connections can be adjacent. | 

Lemma 3.5. Let A = {A1,A2; A3} and B = {B1,B2; B3} be splits of a 3-connected 
graph G with B1 C A1. Let {G1,G2} and {H1,H2} be the associated simple 
decompositions o[ G, respectively. Let A' be the split of H2 induced by A2 and let 
B' be the split of G1 induced by B1. Then C(B') = (C(B) - {v }  )U{e} //'and only if 
C(A') = ( C ( A ) -  {v})U {f}, where v is an A-connection and a B-connection, and e 
is the marker  edge of G1 incident to v and f is the marker  edge of H2 incident to v. 

Proof. Suppose C(B') = (C(B)-{v})U{e},  where v is an A-connection, and e is the 
marker edge of G1 that  is incident to v. If v is an A'-connection, then i n / / 2 ,  the 
vertex v is incident to at least two edges of E(H2) - A2. At least one of the edges 
of E(H2) - A 2  incident to v i n / / 2  must be in A1. Since v is a B-connection, but 
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not a BI-connection, every edge of A1 incident to v is also an edge of B1. This is 
a contradiction s ince/ /2  has no edges from B1. Therefore by Lemma 3.4, C(A)= 
(C(A') - {v}) LJ {f},  where f is the marker edge of H2 incident to v. | 

Lemma 3.6. Let A= {A1,A2;A3} and B =  {B1,B2;B3} be splits of  a 3-connected 
graph G such that B1 C A1. Let {K1,/(2, / (3} be the decomposition of G generated 
by the sequence A, B with B1 C E(K1)  and A2 C E(K2).  Then K1 and K2 each 
contain exactly one marker vertex, say tl and t2, respectively. Furthermore, K3 
contains exactly two marker vertices, and these two vertices are t] and t2. 

Proof. Let {G1,G2} he the simple decomposition of G associated with A, and let 
t2 be the marker vertex. Then t2 is the only marker vertex of G2. Moreover K2 = 
G2. Let B ~ be the split of G1 induced by B1, and let {K1,K3} be the split of G1 
associated with B ~. Let tl  be the associated marker vertex. Then tl  is a vertex of 
K1. It remains to show that t2 is not a vertex of K1 and that  t2 is a vertex of / (3 .  

First, observe that  in G1, the vertex t2 is not incident to any edge of A1, and 
therefore it is not incident to any edge of B1. From this it follows directly that  t2 is 
not a vertex of K1. Also, it follows that  t2 has degree greater than one in G1 \ B1, 
and therefore t2 is a vertex o f / (3 .  | 

The following lemma establishes a commutativity property for compatible 
splits. 

Lemma 3.7. Let A= {A1,A2;A3} and B= {B1,B2;B3} be splits of a 3-connected 
graph G such that B1 C A1. Then the decomposition of G generated by the sequence 
A, B is equivalent to the decomposition generated by the sequence B, A. 

Proof. Let {K1,/(2, / (3} and {J],  J2, J3} be the decompositions of G generated by 
the sequences A, B and B, A, respectively. Moreover, assume that  B1 is a subset 
of E(K1)  and E(J1) ,  and that  A2 is a subset of E(K2)  and E(J2).  

By Lemma 3.6, K1 and /(2 each contain exactly one marker vertex, say tl 
and t2, respectively. Moreover, tl  and t2 are distinct vertices in / (3 .  By renaming, 
assume that  the marker vertex that  is in J1 and J3 is called tl  and that  the marker 
vertex that is in J2 and J3 is called t2. Using symmetry, the equivalence between 
the decompositions will follow by verifying two facts. First, if a given pair of vertices 
in Ki, for some iE  {1,2,3}, are joined by an edge eEE(G), then the same pair of 
vertices are joined by e in Ji, and second, if a given pair of vertices are joined by a 
marker edge in Ki, for some i C {1,2,3}, then the same pair of vertices are joined 
by a marker edge in Ji. 

Consider an edge e of G that is incident to a non-marker vertex u in Ki, for 
some i E {1,2,3}. From the definition of simple decomposition, it follows that 
E(G)AE(Ki)=E(G)NE(Ji) .  It also follows that  e is incident to u in G, and that 
there exists a j E {1,2,3} such that e is incident to u in Jj. Suppose that i C j .  
Then either i or j is in {1,2}. Suppose the i = 1; the other cases are analogous. 
Since e is in Jj, and thus in Kj, it follows that e is a B~-connection. By Lemma 
3.4, it is also a B-connection. In K1, the vertex u is incident only to edges from B1 
and to e. Moreover, since e is a B-connection, it follows from the definition of the 
simple decomposition that  in G, the vertex u is incident only to edges from B1 and 
to e. Again, from the definition of simple decomposition, in Jj, the only edges of 
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G that  are incident to u are edges from B1 and e. But then, it must be that  j = 1, 
a contradiction. 

Consider an edge e of G that  is incident to t l  in K1 and K3. Then e is a B ~- 
connection, and by Lemma 3.4, the edge e is a B-connection. Thus, e is incident to 
t l  in J1 and J3. Now consider an edge e that  is incident to t2 in K2 and K3. Then 
e is an A-connection, and therefore by Lemma 3.4, the edge e is an AI-connection. 
Thus, e is incident to t2 in J2 and J3. 

Consider the case of a marker edge e, which appears in at least one of K 1 , / ( 2  
or K3. Observe that  e must appear  in K3 and at least one of K1 or K2. 

First, consider the case when e is in K1 and K3, but not K2. Let the ends of e 
in K1 be u and tl .  Evidently, e also has ends u and t l  in K3. This implies that  u is 
a Bt-connection, and by Lemma 3.4, the vertex u is also a B-connection. Since u is 
a B-connection, there exists a marker edge f that  in J1 has ends u and t l .  The edge 
f.~lso is in J3, and in J3 it is incident to t 1. It  remains to verify that  the other end 
oiCf in J3 is indeed u. Denote by v the end of f in J3 that  is not equal to t l .  If  u #  
v~<~hen it must be that  v=t2. If v--t2, then it must be that  f is an At-connection. 
But then Lemma 3.4 implies that  u is an A-connection. A contradiction is now 
achieved since Lemma 3.5 implies that  u is not a Bt-connection. 

Second, consider the case when e is in K2 and K3, but not K1. Let the ends 
of e in K2 be u and t2. Since e is not in K1, the ends of e in K3 are also u and t2. 
This implies that  u is an A-connection. If u is an At-connection, then it follows tha t  
a marker edge f joins u and t2 in both  J2 and J3. On the other hand, suppose that  
u is not an At-connection. Then by Lemma 3.4, the vertex u is a B-connection. 
By Lemma 3.5, u is not a Bt-connection. Moreover, Lemma 3.5 implies that  e is a 
Bt-cohnection, implying that  e is in K1, a contradiction. 

Finally, consider the case when e is in K1, K2 and K3. Let the ends of e be 
u and tl  in K1, v and t2 in K2, and t l  and t2 in K3. Since e is in K1 and K3, it 
must be the case that  e is a Bt-connection. Lemma 3.4 implies that  there exists a 
vertex z of G such that  C(B')= (C(B)-{x})U{e}. Moreover, x is an A-connection 
and a B-connection. Since x is an A-connection and e is a Bt-connection, it follows 
that  u - - v  = x. Now Lemma 3.5 implies that  there exists an edge f that  is an 
A'-connection such that  C(A') = (C(A) -  {x})U {f}. Moreover, since x is a B- 
connection and f is an At-connection, it follows that  f has ends x and t l  in J1, x 
and t2 iri J2, and t l  and t2 in J3- 1 

The next result shows that  any set of pairwise-compatible splits of a 3- 
connected graph generates a unique decomposition. Tha t  is, the decomposiVion 
is independent of the order of the splits. This proof is taken from that  of an anal- 
ogous theorem of Cunningham and Edmonds [4]. 

Theorem 3.8. Let G be a 3-connected graph. Then any set of pairwise-compatible 
splits generates a unique decomposition. 

Proof. Let {A1,. . . ,A t} be a set of pairwise-compatible splits of G. Let I = 
{1 , . . . , t}  be the index set of the splits. Then for any fixed ordering of the set 
I ,  the decomposition generated is unique. Moreover, any fixed ordering of I can be 
obtained from any other one by a sequence of interchanges of adjacent elements. 
Thus, it suffices to show that  the decomposition D generated by the ordering J = 
1 , 2 , . . . , j  - 1,j, j + 1,j  + 2 , . . . ,  t of I is the same as the decomposition D ~ generated 
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by the ordering j i  = 1, 2,. . .  , j -  1,j + 1,j , j  +2 , . . . ,  t. Let Do = D~ = {G} and let Dm 
(respectively r Din) , for 1 < m < k, denote the decomposition of G generated by the 
set consisting of those splits having their index in the first m terms of J (respectively 
J ' ) ,  and in the order specified by J (respectively J ' ) .  Clearly, Dj-1 = D~_ 1. If 

the descendants of A j and A j+l are in different members of Dj-1,  then evidently 
Dj+I =D~+ 1. If the descendants of AJ and A j+l are in the same member of Dj-1,  
then it follows from Lemma 3.7 that Dj+I =D~+I.  In either case, D = D  I. I 

The proof of Theorem 1.2 is now at hand. Again, it is based on the proof of 
an analogous theorem of Cunningham and Edmonds [4]. 

Proof of Theorem 1.2. Let G be a 3-connected graph, and let D be a decomposition 
of G that  is generated by a set S of splits of G. If there is a good split of G that 
is not in S, then by Lemma 3.3 there exists a member of D having a good split. 
Therefore if no member of D has a good split, then it follows that every good split 
of G is in S. If every good split of G is in S, then D must be a refinement of 
the unique (by Theorem 3.8) decomposition D r of G generated by the set of good 
splits of G. By Lemma 3.3, no member of D p has a good split. The theorem now 
follows. I 

4. Twir ls ,  W h e e l s  a n d  Cross ing  Spli ts  

The purpose of this section is to prove that a minimally 3-connected graph 
does not have a good split if and only if it is either cyclically 4-connected, a twirl or 
a wheel. Clearly, cyclically 4-connected graphs do not have good splits, since they 
do not have any splits. 

Let A = {A1,A2;A3} be a split of a minimally 3-connected graph G. Denote 
by Si the set of vertices of G[Ai], for i E {1,2}. For a subset R of vertices of G, 
denote by G[R] the subgraph of G induced by R. By Lemma 2.4, G[S1] = G[A1] 
and G[S2] = G[A2]. Thus, given the graph G, the split A is uniquely determined 
by S={$1,$2} .  For the arguments in this section, it will be easier to deal with S 
rather than A, and therefore the set S = {S1, $2} is defined to be a split. Note that  
no confusion can arise between the two uses of the word split since the "edge" split 
A consists of three sets whereas the "vertex" split S consists of two sets. 

Let A = {A1,A2;A3} and S = {S1,$2} be splits of a minimally 3-connected 
graph G such that  G[Ai] = G[Si] for i E {1,2}. The connections of S (or the 
S-connections) are defined to be the A-connections. Note a vertex of G is an S- 
connection if and only if it is in $1 M $2 and an edge of G is an S-connection if 
and only if it has one end in $1 - $2 and the other in $2 - $1. In addition, let 
B = {B1,B2;B3} and T = {T1,T2} be splits of G such that  G[Bi] = G[Ti] for i E 
{1,2}. Then S and T cross if A and B cross, or equivalently, by Lemma 2.4, if 
S i - T j  and T j - S i  are nonempty for all i, jE{1,2}.  The split S is good if it is not 
crossed by any other split. Finally, S is type i, for i E {0,1,2,3}, if exactly i of the 
S-connections are edges. 
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The next two propositions show that  twirls and wheels do not have good splits. 
In what follows, for a set R of vertices of a graph G, the set A(G,E(G[R])) is 
abbreviated to A(R).  

Proposit ion 4.1. If  G is a twirl, then G does not have a good split. 

Proof. Let G be a twirl, and suppose S =  {$1,$2} is a split of G. Let {x ,y , z }  be 
such that  every edge of G joins a vertex in {x ,y , z }  to a vertex not in {x ,y , z} .  

First, suppose that  { x , y , z } -  (A(S1)UA(S2) )  is nonempty. Without  loss 
of generality, suppose x C $1 - A ( S 1 ) .  Since x is adjacent to every vertex of 
V(G) - {x ,y , z } ,  it follows that  V(G) - {y ,z}  C_ S1. By Lemma 2.6, IS2 - SI] >_ 
2, and therefore {y, z} = $2 - S1. It  follows from the definition of a split that  no 
two members  of $2 - $1 can be adjacent to the same member  of $1 - $2. Thus, 
S1 - $2 = {x}, contradicting Lemma 2.6. 

Second, suppose {x , y , z }  C A(S1) uA(S2) .  Then IA(S1) UA(S2)I _> 4, which 
implies that  some S-connection is an edge, say e. Without  loss of generality, e = 
ux, where u E $ 1 -  {x ,y , z} .  Note x E $ 2 -  $1. Since u is adjacent to y and z, it 
follows that  y,z  C S1. By Lemma 2.6, there exists another vertex, besides u, in 
$ 1 -  $2. Since u is the only vertex in S 1 -  $2 that  is adjacent to x, it must be 
that  either y or z is in $1 - $2. But then V(G) - {x,y, z} C_ $1 M $2, implying that  
{x, y, z} = (S1 - $2)U ($2 - S1), contradicting Lemma 2.6. 

Finally, suppose {x , y , z }=A(S1)UA(S2) .  Then {x ,y , z}=SI[3S2 .  By Lemma 
2.6, there exist u C S1 - $2 and v E $2 - $1. Define T1 -- ($1 - {u}) U {v} and T 2 = 
( $ 2 -  {v})U{u}. Then {T1,T2} is a split that  crosses S. I 

Proposit ion 4.2. If  G is a wheel, then G does not have a good split. 

Proof. Let G be a wheel, and suppose S = {$1, $2} is a split of G. Let u be a vertex 
of G to which all other vertices are adjacent. 

If u C $ 1 -  $2, then, f rom t~he definition of a split, u is adjacent to at most one 
member  in $ 2 -  $1. However, by Lemma 2.6, ] $ 2 -  $11 _> 2, which implies that  u is 
adjacent to at least two members in $ 2 -  $1, a contradiction. Thus, u E S1 r3 $2. 

Note that  every vertex of G, other than u, has degree three. This implies that  
the two S-connections, other than u, are both  edges, say e and f .  Let e = wx and 
f = yz, where w, y e $1. Define T1 = (S1 U {z}) - -  {W} and T2 = ($2 U {w}) - -  {Z}. 
Then {T1,T2} is a split that  crosses S. I 

The remainder of this section is devoted to showing that  any graph that  has 
a split, but does not have a good split, is either a twirl or a wheel. The basic idea 
behind proving this is as follows. First, it is shown that  two splits of a graph can 
cross in one of three different ways. Each of the three types of crossing is examined 
and in each case it is shown constructively that  either a good split exists or the 
graph is either a twirl or a wheel. 

The next result provides some properties of crossing splits. 

Lemma 4.3. Let S = {$1,$2} and T = {T1,T2} be crossing splits of a minimally 
3-connected graph G. Then the following statements hold. 

(a) S1 [3 (T1 - T2) is nonempty. 
(b) I&nT l>2. 
(c) The graph G[S1] contains at least two T-connections. 
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(d) There exists a vertex of G that is both an S-connection and a T 
connection. 

(e) If[S1NTII>3, then (S1NT1)-A(T1) isnonempty. 

Proof. a) If S1N(T1-T2) is empty, then S1 C ( V ( G ) - ( T  1 -Z2)  ) =Z2, contradicting 
the fact that S and T cross. 

b) This follows immediately from Lemma 3.2. 
c) By part (a), there exist distinct vertices pE S1D(T1-T2) and q E SIN(T2-T1). 

By Lemma 2.1, there exist two internally disjoint (p,q)-paths in G[S1]. Evidently, 
each such path contains a T-connection. Thus, there are two T-connections in 
a[s1].  

d) By part (c), G[S1] and G[S2] each have at least two T-connections. Since 
there are exactly three T-connections, G[S1] and G[S2] share a T-connection. By 
Lemma 2.4, this T-connection is a vertex, say z. Since z E S1 AS2, it is also an 
S-connection. 

e) Suppose that (SLAT1)CA(T1). Since IS1NTll _>3, it must be that S1NT1 = 
A(T1). 

By part (a), there exist p E $2 N (T2 - T1) and q C T1 N ($2 - S1). Thus, p E 
T2-A(T1).  Since q~S1, it follows that q~A(TI).  Thus, q~T1-A(T1) .  

Since G is 3-connected, there exist at least three internally disjoint (p, q)-paths. 
Moreover, each of these paths contains, as an internal vertex, a vertex of A(T1). 
Since A(T1) C_ $1, each such path contains, as an internal vertex, a vertex of 
$1. Since p c $2 and q E $2 - $1, each (p,q)-path that  contains, as an internal 
vertex, a vertex of $1 is either contained in $2 or contains at least two vertices of 
A(S1), at least one of which as an internal vertex. Given that there exist three 
internally disjoint (p,q)-paths, the latter is impossible, implying that each such 
path is contained in $2. But since each such path contains a vertex of $1, it follows 
that A(S1)=A(S2)=A(T1). 

By applying part (a) once again, TIN(S1-S2) is nonempty. Now, T1N(SI-S2) = 
T 1 N (S1 -- A(S2)) = ($1 AT1) - A(S2)= (S1 AT1) - A(T1). | 

The analysis of crossing splits is now broken down into cases, depending on the 
size of S1 AT1. The next result describes the situation when 1S1 NTll =2;  Figure 3 
illustrates the conditions of the lemma. 

f g 

Fig. 8 

Lemma 4.4. Let S = { S 1 , $ 2 }  and T = {T1,T2} be crossing splits of a minimally 
3-connected graph G. I f  S1NTl = {W,Z}, then 
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(a) w and z are joined by an edge e, 
(b) z (say) is an S-connection and a T-connection, 
(c) w is incident to precisely three edges {e , f ,g} ,  and 
(d) f (say) is an S-connection and g is a T-connection. 
(e) G \ w  has a 2-separation {El ,E2} such that A ( G \ w ,  E1)= {y,z}, where y 

is not adjacent to w. 

Proof. Let $1 •T1 = {w,z}. By Lemma 4.3(d), there exists a vertex in $1 A T1, 
say z, that  is an S-connection and a T-connection. By Lemma 4.3(a), the sets 
S1 N ( T 1 - T 2 )  and T1 N ( S 1 -  $2) each contain at least one vertex. Evidently, w is 
the unique vertex in both of these sets. Since w E $ 1 -  $2, it is adjacent to at most 
one vertex of $2 - $1, and similarly it is adjacent to at most one vertex of T2 - T1. 
Since w has degree at least three, it must be that  w is adjacent to z, to a vertex of 
$2 - S1 via edge f (say), to a vertex of T2 - T1 via edge g and to no other vertices. 
Evidently, the edge f is an S-connection and the edge g is a T-connection. Thus, 
(a)-(d) hold. 

Finally, a straightforward analysis shows that  { E ( a \ w ) - E ( a [ S 2 ] ) , E ( G [ S 2 ] ) }  
is the desired 2-separation for part (e). | 

Next is the situation when [$1 N TI [=  3; Figure 4 illustrates the conditions of 
the lemma. 

Fig. 4 

Lemma 4.5. Let S = {$1,$2} and T = {T1,T2} be crossing splits of a minimally 
&connected graph G. I f  S1 N T1 = {v, w, z}, then 

(a) v and w are joined by an edge, 
(b) v and z are joined by an edge, 
(c) w and z are joined by an edge, 
(d) z (say) is an S-connection and a T-connection, and 
(e) v and w are of degree three. 

Proof. Let $1 NT1 = {v ,w , z } .  Any vertex of ($1 AT1) - (A(S1) UA(T1)) must 
be adjacent to at least three vertices of $1 NT1, and therefore no such vertex can 
exist. By 4.3(e), v (say) is a member A ( S I ) -  A(T1) and w (say) is a member 
of A(T1) - A ( S 1 ) .  Thus, v is adjacent to at least two members of $1 and to no 
members of T2. It follows that v is adjacent to w and z. Similarly, w is adjacent 
to v and z. Therefore (a)-(c) hold. Furthermore, by Lemma 4.3(d), the vertex z is 
an S-connection and a T-connection, implying that  (d) holds. 
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Since z is an S-connection and is adjacent to v, Lemma 2.4 implies that  v is 
not an S-connection. Since v E A(S1), it is adjacent to exactly one vertex from $2. 
It follows that  v has degree three. Similarly, w has degree three. | 

Lemma 4.6. Let S = {S1,$2} and T = {T1,T2} be crossing splits of a minimally 
3-connected graph G. If  S is type 1 or 2, [SI[_>4 and z is a vertex that is an S- 
connection and a T-connection, then G[S1] has a 2-separation {El,E2} such that 
A(G[S1], El)  = {y, z}, where y r A(S1). Moreover, if {u, v} = A(S1) - {z}, then u E 
V(G[E1]) (say) and v e  V(C[E2]). 

Proof. The first step is to show that G[S1] contains exactly two T-connections. By 
Lemma 4.3(c), G[S1] and G[S2] each contain at least two T-connections. Suppose 
that G[S1] contains three T-connections. Since G[S1] and G[S2] are edge disjoint, 
two of the T-connections are vertices in the set $1 n $2. Thus, S is type 1 and 
the remaining T-connection is either a vertex in S 1 -  $2 or an edge that joins 
two vertices in $1 - $2. By Lemma 4.3(a), there exist p E $2 n (I'1 -T2)  and q E 
$2 N(T2-T1). Since each (p, q)-path contains a T-connection, the existence of three 
internally disjoint (p, q)-paths is impossible, contradicting the 3-connectivity of G. 
Thus, G[S1] contains exactly two T-connections; by Lemma 4.3(c), at least one is 
the vertex z. 

First, suppose that  [$1 AT1[ = 2. By Lemma 4.4, there exists a vertex w E 
A(S1) such that w is incident to precisely three edges, {e,f ,g},  with f being an 
S-connection. It follows that both e and g are edges of G[S1]. Let E1 = {e,g} and 
E2 = E(G[S1])-El .  Since [$1[ _> 4, it follows that  [E2[ _> 2, and so {El,E2} is a 
2-separation of G[S1]. Moreover, z cA(G[S1],E1) and w E V(G[S1]). Let y be the 
other vertex in A(G[S1],E1). The result will follow by showing that  y • A(S1). To 
this end choose p~ (SINT2)-A(S1),  which exists by Lemma 4.3(e). (If ]SLAT2[ = 2, 
then by Lemma 4.3(d), [$1[= 3, a contradiction.) Consider three internally disjoint 
(p,w)-paths. The (p,w)-path that contains e contains two vertices from A(S1), 
namely w and z. The (p,w)-path that contains f also contains two vertices from 
A(S1), namely w and the unique vertex of A ( S 1 ) -  {w,z}. Therefore, the (p,w)- 
path that  contains g, and hence y, does not contain any vertex of A(S1) other than 
w. Thus, yq~A(S1). 

Now suppose [$1 AT1 [, IS1 AT2[ _> 3. It is first shown that  there exists a vertex 
y in A(T1) -  A(S1). By Lemma 4.3(e), there exist p C ($1 A T 1 ) -  A(S1) and q E 
(S1NT2)-A(S1). I fp  (say) is a member of A(T1), then there exists a vertex y (=p) 
in A(T1)-A(S1).  If neither p nor q are in A(T1), the p and q are distinct, implying 
there exist three internally disjoint (p,q)-paths. Since G[S1] contains exactly two 
T-connections, one such path contains two vertices from A(S1) as internal vertices, 
and therefore one such path contains no vertices from A(S1). Moreover, this latter 
path contains, as an internal vertex, a vertex y from A(T1) -  A(S1). Since G[S1] 
contains exactly two T-connections, it follows that it contains exactly two vertices 
from A(T1) (say), which must be y and z. Define E1 to be the set of edges that have 
both ends in $1V)T1 and define E2 =E(G[S1]) -E l .  Then {El ,E2} is claimed to 
be the desired 2-separation. Observe that  A(G[S1], E l ) C  A(T1)N $1, and therefore 
]A(G[S1],E1)[ <2. Since (S1NT1)-A(S1) and (S1NT2)-A(S1) are nonempty, each 
of E1 and E2 contain at least two edges. Finally, let {u , v }=A(S1) - { z } ;  then uE 
V(G[E1]) (say) and v e V(G[E2]) for otherwise G has a 2-separation. | 
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The next results states that  if a graph has a particular kind of crossing split, 
but does not have a good split, then it is a wheel. 

Theorem 4.7. Let G be a minimally 3-connected graph that has a split, but does 
not have a good split. If G has a pair of crossing splits S = {S1 ,  $2}  ~and T=  {T1,T2} 
such that IS1 nT1] <3,  then G is a wheel. 

Proof. Let S = {S1, $2 } and T = {T1, T2 } be crossing splits of G such that  [SINT1]_ < 
3. By Lemma 4.3(b), ISIATI] 2 2. By Lemmas 4.4 and 4.5, there exists a vertex 
z that  is an S-connection and a T-connection and a vertex w E S1 N T1 that  has 
degree three and is adjacent to z. 

A set W is constructed as follows. First, set W ~-- {w}. Now repeat the 
following step until no more vertices can be added to W: If x E V ( G ) -  (WU{z})  
has degree three, and is adjacent to z and to a vertex of W, then set W~--WU{x}.  
If WU{z}=V(G) ,  then G is a wheel. Thus, assume WU{z}7~V(G), which implies 

Iwu {z}] _< ]v(a)J-2. 
Define X 1 - - W U  {z} and define X2 to be the vertex set of the graph G \ W .  
First, consider the case when ]W[ > 2. Then X = {X1,X2} is a split of G. 

Moreover, X is type 3 if z has degree three in G and type 2 otherwise. However, 
by Lemma 4.3(c), a type 3 split is good, and therefore X is type 2. Since G does 
not have a good split, there exists a split that  crosses X. By Lemma 4.6, the 
graph G[X2] has a 2-separation {El ,E2} such that  A(G[X2],E1) -- {y,z}, where 
y E X2 - A(X2). 

A similar situation holds when [W[ = 1. By Lemma 4.5, if [W I = 1, then 
WU{z}=SINT1.  Thus, by Lemma 4.4(e), G[X2] has a 2-separation {El ,E2} such 
that A(G[X2], El)  = {y, z}, where y e X2 --  A(X2). 

In either case, it follows that  G[X2] has a 2-separation {El ,E2} such that  
A(G[X2],E1) = {y,z}, where y E X2 - A ( X 2 ) .  Among all such 2-separations of 
G[X2], assume {El ,E2}  is chosen so that  ]Ell is minimum. Note that  by the 
construction of W, the set E1 contains at least three edges. Thus, {El,  E(G)-E1  } 
is a 3-separation of G. Let A(G, E1) = {u,y,z}. By the construction of W, there 
exists a unique vertex v E W that  is adjacent to u. Also by the minimality of ]Ell, 
the vertex y has degree at least two in G[E1]. 

Let Y = {Y1,Y2} be the split associated with { E 1 , E ( G ) - E l }  with ]I1 being 
the set of vertices having degree greater than one in G[E1]. Note that  Y is of 
type greater than or equal to 1 since the edge uv is a Y-connection. Also, by 
the construction of W, it follows that [Y1],[Y21 >-4. The theorem will follow by 
showing that  Y is a good split. To this end, suppose that  Y is crossed by some 
split Z- -{Z1,Z2}.  By Lemma 4.6, G[Y1] has a 2-separation {F1,F2}. By Lemma 
4.3(d), either y or z is a Y-connection and a Z-connection. If z is a Y-connection 
and a Z-connection, then a contradiction to the minimality of JEll is obtained 
since {F1 ,E(G[X2]) -F1}  (say) is a 2-separation of G[X2] satisfying the properties 
stated above and IF1] < [Eli. Thus, y is a Y-connection and a Z-connection. Now 
by applying Lemma 4.6 to G[Y2], there exists a 2-separation {D1,D2} of G[Y2] 
such that  v e V(G[DI]) - A(G[Y2I,D1) and z e V (V[D2]) - A(G[Y2I,D1). But this 
contradicts the fact that v and z are adjacent by an edge of G[Y2]. | 

The remaining part of the section shows that  if G does not have a pair of 
crossing splits as described in Theorem 4.7, then G is a twirl. 
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Lemma 4.8. Let G be a minimally 3-connected graph. / f  S = {S1,$2} and T = 
{T1,T2} are crossing splits of G and IS1 NTll >_3, then ]A(S1 DT1)I =3.  

Proof. Every vertex of A(S1DT1) is adjacent to a vertex in either $2-S1 or T2-T1. 
Therefore A(S1 AT1) -- ($1 AT1) N (A(S1) U A(T1)). 

First, suppose that  [A(S1 DT1)I _< 2. Since IS1 NTll __ 3, the graph G[S1 AT1] 
has at least two edges. Also, G[V(G)-(S1 AT1)] has at least two edges. Thus, G 
has a 2-separation, a contradiction. 

Now, suppose that  [A(S1NT1)[ >3. Since IA(S1)I = [A(T1)I =3,  it must be that 
A(S1)-A(T1)r Let vcA(S1)-A(T1).  

Suppose that  A(S1) C_ A(S1 N T1). By Lemma 4.3(a), choose p C $1 N (T 2 - T1) 
and q e S2N(T2-T1). Since SINS2 C_ A(S1) C_ T1, it must be that  p and q are distinct. 
Now every (p,q)-path contains a member of A(S1). Moreover, since A(S1) _C T1, 
each (p, q)-path can only contain a vertex of A(S1) as an internal vertex. Therefore, 
among any collection of three internally disjoint (p, q)-paths, at least one such path 
contains v. Since A(S1) C_ T1, it follows that each (p,q)-path contains a vertex of 
A(T1). Since vEA(S1)-A(T1) and A(S1) CA(S1NT1), it follows that  vET1-A(T1). 
Thus, any (p,q)-path that contains v must also contain at least two members of 
A(T1), contradicting the existence of three internally disjoint (p,q)-paths. 

Suppose that  neither A(S1) nor A(T1) is a subset of A(SINT1). Thus, A(S1NT1) 
consists of exactly two vertices from each of A(S1) and A(T1). The vertex of 
A ( S 1 ) -  A(S1 AT1) cannot be identical to the vertex of A(T1)-  A(S1 n T1), for 
otherwise it is a vertex of SLAT1. It follows that A(S1)NA(T1) = 0, which contradicts 
Lemma 4.3(d). | 

Define triads P1 and/)2 of G to be coincident if G[P1 UP2] is the graph/(2,3. 

Lemma 4.9. Let G be a minimally 3-connected graph that has a split, but does 
not have a good split. If every pair of crossing splits S = {S1, S2 } and T = {T1, T2 } 
satisfy IS1 AT1[ _>4, then G has a pair of coincident triads. 

Proof. Let S= {$1,$2} be a split of G such that ISI[ is as small as possible. Let 
T={T1,T2} be a split that crosses S. By Lemma 4.8, IA(S1DT1)I--3. 

Since IS1NTI[ >- 4, the graph G[S1 AT1] has at least three edges, namely 
three edges incident to a vertex in the set ($1 A T 1 ) -  A(S1 AT1). Therefore 
{E(G[S1 DT1]),E(G)-E(G[S1 AT1])} is a 3-separation of G. By the minimality of 
IS1 [, it must be the case that E(G[S1NT1]) is triad of G. Similarly, E(G[SIDT2]) is a 
triad of G. The proof will be completed by showing that these triads are coincident. 

Let u be the degree-three vertex of G[S1 AT1]. Then u r A(S1 AT1). Now 
A(S�91 AT1)=  (S1 AT1)N (A(S1)U A(T1)). Suppose that there exists a vertex v E 
SID(A(T1)-A(S1)). Since vEA(T1), it must be adjacent to at least two vertices of 
2"1, and since v~A(S1), it is adjacent only to members of S1. Thus, v is adjacent to 
at least two members of S1 AT1. Since G[S1NT1] is a triad of G, the only vertex of 
SLAT1 that  is adjacent to at least two members of SLAT1 is u. That is, u=v. But 
since v C A(T1), it must be adjacent to a vertex of T 2 -  T1. This is a contradiction 
since u is adjacent only to members of T1. Thus, A(S1 AT1)= ($1 DT1)DA(S1). 
By Lemma 4.8, [A(S1NT1)I----3, and therefore A(S1 AT1)= A(S1). That  is, u is 
adjacent to precisely the three vertices of A(S1). Similarly, the degree-three vertex 
of G[S1 AT2] is adjacent to precisely the three vertices of A(S1). It follows that the 
two triads are coincident. | 
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Theorem 4.10. Let G be a minimally 3-connected graph that has a split, but does 
not have a good split. If every pair of crossing splits S = {$1,82} and T--{T1, T2} 
satisfy IS1 n TII> 4, then G is a twirl. 

Proof. By Lemma 4.9, G has a pair of coincident triads, say P1 and/)2.  A set P 
is constructed as follows. First, set P ~ P1 U P2. Now repeat the following step 
until no more edges can be added to P: If Q is a triad that  is disjoint from P and 
is coincident with P1, then set P ~ P U Q. If P = E(G), then G is a twirl. Thus, 
assume otherwise, and observe that  { P , E ( G ) -  P} is a 3-separation of G. Define 
{x,y,z}=A(G,P). 

Let E1 be a minimal set of edges contained in E ( G ) - P  such that  A(G, E1)-- 
{x,y,z}. Define E2 =E(G)-E1.  Observe that neither E1 nor E2 is a triad of G. 
Thus, there exists a split S =  {S1, $2} associated with {El,E2}. 

The theorem will follow by showing that  S is a good split. To this end, suppose 
that  S is crossed by some split T={T1,T2}. 

The first step is to show that  the set of T-connections is given by A(S2)-- 
{x,y,z}. By Lemma 4.3(d), the vertex z (say) is a T-connection. For iE {1,2}, let 
Pi be the degree-three vertex of G[Pi]. By Lemma 4.3(c), not both of Pl and P2 can 
be members of A(T1) or A(T2). Thus, assume Pl E T1 - A(T1). By Lemma 4.3(e), 
there exists a q E (S1MT2)-A(T2). Now, each (Pl, q)-path contains a T-connection. 
If neither x nor y is a T-connection, then G[S2] contains only one T-connection, 
a contradiction to Lemma 4.3(c). Thus, y (say) is a T-connection. Moreover, if 
x is not a T-connection, then the third T-connection (i.e., the T-connection that 
is neither y nor z) is not in the graph G[S2]. In that  case, choose vertices r E 
$2 M (T] - T2) and s E $2 M (T2 - T1), which exist by Lemma 4.3(a). Then each 
(r,s)-path contains a T-connection. Moreover, any (r,s)-path that contains the 
T-connection that  is not in G[S2] must contain at least two vertices from A(S2), 
and therefore at least one vertex from {y,z}. That is, any such path contains 
at least two T-connections, contradicting the existence of three internally disjoint 
(r, s)-paths. Therefore, the set of T-connections if given by {x,y,z}. 

By the minimality of El ,  the graph G[S1] \{x ,y ,z}  is connected. Therefore, 
S1 c T 1 (say), contradicting the fact that  S and T cross. I 

The proofs of Theorem 1.1 and 1.3 now follow easily. 

Proof of Theorem 1.3 Combine Propositions 4.1 and 4.2, Lemma 4.3(b) and The- 
orems 4.7 and 4.10. I 

Proof of Theorem 1.1 Combine Theorems 1.2 and 1.3 and Lemma 2.5. 

5. A Decomposition Algorithm. 

This section briefly outlines an O(]V(G)I21E(G)I) algorithm for computing 
the unique decomposition of a minimally 3-connected graph G that  is specified 
by Theorem 1.1. The algorithm is based on the results of the previous section. 
For comparison, the unique decomposition of a 2-connected graph discussed in the 
Introduction can be found in linear time; see Hopcroft and Tarjan [8]. 
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The algorithm runs as follows. Let G be the input graph, and define D = {G}. 
At a general iteration, the algorithm selects a graph H from D and attempts to 
find a good split of H. If successful, then H is replaced in D by the members of 
the simple decomposition associated with the good split. The process is continued 
until no member of D has a good split, at which point the unique decomposition 
has been found. 

The main subroutine of the algorithm is a procedure for finding a good split 
of a graph that  is not cyclically 4-connected, a twirl or a wheel. The next result 
implies that  such a procedure need be invoked at most O(IV(G)I) times. 

Proposition 5.1. Let G be a minimally 3-connected graph. Then any decomposition 
of G has at most max{1,2lV(G)]-  10} members. 

Proof. The proof is by induction on IV(G)t. Let D be a decomposition of G. Let 
D1, . . . ,  Dt be a sequence of decompositions such that D1 = {G}, Dt = D and, for 
1 < i < t -  1, Di+ 1 is a simple refinement of Di. If t = 1, then the result is evident, 
and so assume otherwise, and let D2 = {G1, G2 }. Then it follows from the definition 
of the simple decomposition that IV(G1)[ + IV(G2)I <_ IV(G)I +5. 

It is straightforward to check that any minimally 3-connected graph having 
at most five vertices is either cyclically 4-connected or a wheel. Therefore, t _> 2 
implies that  IV(G)f >6. 

Let D~ be a decomposition of Gi, for ie{1,2}, such that D=D~UD~. 
First, suppose that  IV(G1)], IV(G2)I > 6. Then by induction, tD~l <_ 21V(Gi) ] - 

10, for i �9 {1,2}. Now IDI = ID~l+ IO1 I. Therefore, IDI < 2(IV(G 1)1 + IV(G2)I) - 20, 
which implies that IDI < 21V(G)I- 10, as required. 

Second, suppose that  IV(G1){ _> 6 and that IV(G2)I < 5. Then, by induction 
{D~II<_21V(G1)I-IO. Also, ID~I=I .  Thus, {DI<_21V(G1)I-9. By Lemma2.6,  
I V(G1)I _< I V(G)I - 1, implying the desired result. 

Finally, suppose that IV(G1)I,IV(G2)I _< 5. Then IDOl = IDa{ = 1, implying 
IDI = 2, as required. | 

The above result implies that the complexity for finding the decomposition 
is IV(G){ times the complexity of finding a good split. Given a graph H that is 
neither a twirl nor a wheel, the procedure outlined below will either find a good 
split or determine that the graph H is cyclically 4-connected. 

The algorithm first works under the assumption that H has a pair of crossing 
splits. Then Theorems 4.7 and 4.10 imply that H has a good split. Moreover, 
the proofs of these theorems are constructive and can be turned into algorithm as 
follows. The first part of the algorithm assumes, as in Theorem 4.7, that G has a 
pair of crossing splits S and T such that  IS1 NTlt_< 3. 

Choose, if possible, adjacent.vertices w and z such that w has degree three 
and z has degree at least 4. Assuming such a w and z exist, then form the set W 
as in the proof of Theorem 4.7. Let X1 = WU{z} and X2 = V ( H \ W ) .  If IWI > 
1, then {X1,X2} is a split. If it is of type 3, then, by Lemma 4.3(a), it is a good 
split. Thus, assume this split is of type 1 or 2. If H[X2] has a 2-separation of the 
type described in the proof, then, as in the proof, a good split can be constructed. 
Determining whether the appropriate type of 2-separation exists in H[X2] and, if 
so, constructing the good split can be done in time O(IE(H)I ). (See Hopcroft and 
Tarjan [8] for the 2-separation algorithm.) If H[X2] does not have a 2-separation of 
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the desired type, then the process is repeated starting with another choice of w or 
z, or both. If no such w and z exist or if no choice of w and z successfully produces 
a good split, then H does not have a pair of crossing splits S = {S1,$2} and T =  
{T1,T2} such that  IS1 NTI[ _~ 3. The complexity for this part of the algorithm is 
O(IV(H)IIE(H)I). 

Still working under the assumption that  H has a pair of crossing splits, the 
algorithm now assumes, as in Theorem 4.10, that  every pair of crossing splits S = 
{S1, $2} and T = {T1, T2} satisfy IS1ATll _> 4. First, find a pair of coincident triads, 
P1 and P2 (if they exist). This can be done in O(IV(H)I ) time. Let {x,y,z} be the 
vertices common to H[P1] and H[P2]. If every component of H \ { x , y ,  z} is a single 
vertex, then H is a twirl. Thus, choose a component J of H\{x,y,z} having more 
than one vertex, and let E1 be the set of edges of J together with those edges of H 
that  have one end in V(J) and the other in {x,y,z}. Define E2 =E(H)-E1. Then 
the proof of Theorem 4.10 shows that  the split associated with the 3-separation 
{El ,E2} is a good split of H. 

If the procedures outlined in the previous two paragraphs fail to produce a 
good split, then it must be the case that H has no pair of crossing splits. Tha t  
is, every split of H is good, and so it suffices to find any split of H. If H has a 
split, then it has a cyclic 3-separation. If it has a cyclic 3-separation, then it has a 
vertex v such that H\v has a 2-separation {El ,E2} such that neither E1 nor E2 
is the set of edges incident to a degree-two vertex of H \ v. Moreover, given any 
such 2-separation of H \ v, a cyclic 3-separation of H is easily constructed. Thus, 
it suffices to find such a 2-separation of H\v. This can be done in O(IE(H)I ) time 
using the algorithm of Hopcroft and Tarjan [8]. Considering all possible choices of 
v yields an O(]V(H)]IE(H)I ) time algorithm. An alternate method for finding a 
split of H is to use the algorithm of Kanevsky and Ramachandran [9], which finds 
all of the 3-separations of H. 

Combining the results of the above three paragraphs yields an 
O([V(H)[IE(H )[) algorithm for finding a good split of a graph H.  Therefore there 
exists an O(IV(G)I2[E(G)[) algorithm for computing the unique decomposition of 
the graph G. 

A second algorithm for computing the unique decomposition D having the 
same time bound goes as follows. Consider a decomposition D p of G every member 
of which is cyclically 4-connected. Then, as in the proof of Theorem 1.2, the 
decomposition D I is a refinement of D. Moreover, D can be constructed from 
D ~ by repeatedly "composing" two members that  share a marker vertex and are 
both twirls (respectively, wheels) provided that  the composed graph is also a twirl 
(respectively, wheel). Finding D ~ is done as follows. Start with D ~ = {G} and 
at a general iteration, replace a member H of D ~ by the members of the simple 
decomposition associated with an arbitrary split of H,  with the process being 
repeated until no member of D ~ has a split. 

6. R e l a t e d  I s s u e s  

Theorems 1.1, 1.2 and 1.3 invite a number of extensions. First, a natural 
problem to solve is that  of characterizing the class of 3-connected graphs that do 
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not have a good split. By Theorem 1.3, this class contains cyclically 4-connected 
graphs, twirls and wheels. As observed in the Introduction, this containment is 
proper since a wheel plus an edge joining a pair of non-adjacent degree-three vertices 
is a 3-connected graph without a good split. 

A second problem is to extend Theorems 1.1, 1.2 and 1.3 to matroids. Most 
of the definitions necessary to state these theorems have matroid analogues; see 
for example, the work of Rajan [14], Seymour [16] and Truemper [17]. Unique 
decompositions for 2-connected matroids have been developed by Bixby [1] and 
Cunningham and Edmonds [4]. It is likely that in a matroid version of Theorems 
1.1 and 1.3 the whirl matroids will play a role. 

A variation of Theorems 1.1, 1.2 and 1.3 might be obtained by using a different 
notion of simple decomposition. In particular, suppose that a triangle is used 
instead of a triad in the construction of the members of the simple decomposition. 
(This is what Seymour [16] does in his decomposition.) Since triangle and triads 
are dual, in the sense of matroid duality, dual versions of Theorems 1.1, 1.2 and 1.3 
might be possible. In this case minimal 3-connectivity would be defined with respect 
to contraction rather than deletion, and cyclic 4-connectivity would be replaced by 
vertical 4-connectivity. 

A final related topic is the relationship between the graph decomposition and 
algorithms for optimization problems defined on the graphs. For the special case 
of Halin graphs, Cornu~jols, Naddef and Pulleyblank [3] used the decomposition of 
Theorem 1.1 to develop a polynomial-time algorithm for the traveling-salesman 
problem. In a subsequent paper, we will extend the Cornu6jols, Naddef and 
Pulleyblank results to a more general class of graphs and to other optimization 
problems. 
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